A NOTE ON THE VERLINDE BUNDLES ON ELLIPTIC CURVES 



DRAGOS OPREA 



Abstract. We study the splitting properties of the Verlinde bundles over elliptic curves. 
Our methods rely on the explicit description of the moduli space of semistable vec- 
tor bundles on elliptic curves, and on the analysis of the symmetric powers of the 
Schrodinger representation of the Theta group. 



1. Introduction 



Recently, Popa defined and studied a class of vector bundles on the Jacobians of 
curves, which he termed the Verlinde bundles IPo]. The fibers of these vector bundles 
are the spaces of nonabelian theta functions on the moduli spaces of bundles with fixed 
determinant over the curve, as the determinant varies in the Jacobian. Popa investi- 
gated the splitting properties of these bundles under certain etale puUbacks. He further 
used these results to prove the Strange Duality conjecture at level 1, and to study the 
basepointfreeness of the pluri-Theta series. 

In this note, we will study the Verlinde vector bundles in genus 1. We hope that the 
results of this work could be useful for the understanding of the higher genus case. In 
fact, it may be possible to extend our methods to work out a few other low rank/low 
genus examples. 

To set the stage, consider a smooth complex projective curve X of genus g > I, and 
write Ux{r, r{g — I)) for the moduli space of rank r, degree r{g — I) semistable bundles 
on X. This moduli space comes equipped with a canonical Theta divisor supported on 
the locus 



Following Popa |Po|, we define the level k Verlinde bundles on the Jacobian as the 
pushforwards 



splits as a sum of line bundles; 

(ii) Er^k is globally generated iff A; > r + 1, and is normally generated iff A; > 2r + 1; 

(iii) Er^k is ample, polystable with respect to any polarization on the Jacobian, and 
satisfies ITq. 



(1) 



e,. = {V e Ux{r,r{g - 1)), such that /i' 



{V) = h\V)^0}. 
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In addition, it is known that the Verlinde bundles enjoy the following level-rank sym- 
metry: 

(iv) there is an isomorphism 

The hat decorating the bundle on the right hand side denotes the Fourier-Mukai 
transform with kernel the normalized Poincare bundle on the Jacobian. 
The morphism (iv), sometimes termed "Strange Duality," was constructed in this form 
by Popa. Proofs that SD is an isomorphism can be found in [MO J [Bel J. The case of 
elliptic curves, which will be relevant for us, is simpler; a discussion is contained in 
ETl. 



To explain the results of this note, assume from now on that X is a smooth complex 
projective curve of genus 1. For reasons which will become clear only later, let us tem- 
porarily write h for the rank of the bundles making up the moduli space. We will first 
show: 

Theorem 1. Let k, h and q be positive integers. The Verlinde bundle E^k splits as a sum of line 
bundles iff the level k is divisible by the rank h. When k = h{q — 1), we have 

(3) E,,,(,_i) - e^-i (0 if""' 

Here, Q is the canonical Theta bundle on the Jacobian, and the s are the h-torsion line bundles. 
Each line bundle of order uj occurs with multiplicity 

provided that either hor q is odd. If both h and q are even, then 

The symbol {} appearing in the above statement is defined as follows. For any integer 
h>2, we decompose 

h = p1^...pl" 

into powers of primes. We set 

^ X] [O if . . .p^"~Moes not divide A, 

(6) 

Here, 



h J 1 n"=i ( Si - ^ ) otherwise 



1 ifp^^A, 
otherwise. 
If h = I, the symbol is always defined to be 1. 

Note that it was expected that the splitting of the Verlinde bundles should involve 
only /i-torsion line bundles. In fact, Popa proved the isomorphism 
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where N = ^ {^^) . However, the multiplicities of the nontrivial bundles were 
incorrectly claimed to be in Propositon 2.7 of ||Po|| . This led to an erroneous statement 
in Proposition 5.3. Our note corrects this oversight. 

As an example, when h is an odd prime, all nontrivial /i-torsion line bundles appear 
in the decomposition (O with the same (nonzero) multiplicity. This follows for instance 
by the arguments of BBeaL upon analyzing the action of a symplectic group on the h- 
torsion points. This is consistent with the Theorem above, which specializes to 



Here, 



Our proof will show that 



m 



dim (Sym'^^'^'i^Sft)^" 



with Sfi being the Schrodinger representation of the Heisenberg group H/j. If /i is not 
prime, the ensuing formulas for multiplicities are more complicated, and their integral- 
ity is not immediately clear. 

Theorem [T] is stated for the moduli spaces of bundles of degree zero. The case of 
arbitrary rank and degree, and of arbitrary Theta divisors will be the subject of Theorem 
I3in SectionO 

The case when the level is not divisible by the rank is slightly more involved, and 
requires additional ideas. We will consider this most general situation separately, in 
Section 13.21 To explain the final result, let us first change the notation, writing hr for 
the rank of the bundles making up the moduli space, and letting hk be the level. If 
gcd(r, k) = 1, then, for any /i-torsion line bunde ^, there is a unique stable bundle y\/r,k,i 
on the Jacobian, having rank r and determinant 0*^ (8) S,- We will show: 

Theorem 2. Assume that gcd(r, k) = 1. The Verlinde bundle of level hk splits as 



(7) EhrM = ®^' 



For each h-torsion line bundle on the Jacobian, having order oj, the multiplicity of the bundle 
,c in the above decomposition equals 

_ f{r + k)5\ r h/ij \ 

(r + k)6^ [ r6 J \h/6 j ' 

The methods of this work make use of the characteristic zero hypothesis. In posi- 
tive characteristic, it is likely that the answer is different, and that it depends on the 
Hasse invariant of the curve. Also, one may justifiably wonder about the higher genus 
case. This may require a different argument, possibly involving the spaces of conformal 
blocks. 
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2. The PROOF OF Theorem [U 

The title of this section is self-explanatory. The proof of Theorem[l]to be given below 
relies on two essential ingredients: 

(i) first, the geometric input is provided by the explicit description of the moduli 
space of bundles over elliptic curves, as found in [AJ[TJ; 

(ii) secondly, it will be crucial to understand the symmetric powers of the Schrodinger 
representation of the Heisenberg group. An algebraic computation will deter- 
mine their characters, which are related to the decomposition (O . 

We will discuss these two items at some length in the next sections, attempting to 
keep the exposition reasonably self-contained. Our arguments are quite elementary, so 
it is plausible that some of the results below may already exist in the literature; we tried 
to provide references, whenever possible. 

2.1. Geometry. Fix an elliptic curve {X,o). Throughout the paper we identify X = 
Jac°(X) in the usual way, 

p Ox{p - o). 

In fA^tTl, Atiyah and Tu showed that the moduli space Ux{h, 0) of rank h, degree 
semistable vector bundles on X is isomorphic to the symmetric product 

Ux{h,0) ^Sym^X. 
Up to S'-equivalence, the isomorphism can be realized explicitly as 

(9) Sjm^X 3 (pi, . . . ,ph) ^ OxiPi - o) © ... © OxiPh - o) e Ux{h,0). 
Under these identifications, the morphism taking bundles to their determinants 

det : Ux{h,()) ^ Jac(X) 

is the Abel-Jacobi map, which in this case becomes the addition 

a : Sym^X ^ X, (pi, . . . ,ph) ^ pi + . . . + ph. 

Note that the fiber of the morphism a over the point p £ X is the linear series 

\[p] + {h-l)[o]\ = \[p]-[o]+h[o]\. 

In fact, as an Abel-Jacobi map, the morphism a has the structure of a projective bundle 
IP'(Vh) — > X, where V/j is a rank h vector bundle on X. To describe V/^, we let V be the 
Poincare bundle over X x X, normalized in the usual way 

V = OxxxiA -{o}xX-Xx H), 

with A X X X being the diagonal. Then, using the Fourier-Mukai transform with 
kernel V, denoted 

TLS : D(X) ^ D(X), 

we have 

(10) V;, = R5(Ox(Mo]))- 
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Note that \/h has rank h, determinant —[o], and, as the Fourier-Mukai transform of a 
simple bundle, is simple. In fact, by Atiyah's classic study lAl, there is a unique such 
bundle on X, defined inductively as the (unique) nontrivial extension 

(11) ^ ^Vh^Ox^O 

with Vi = Ox ( — [o] ) . Alternatively, this exact sequence is obtained as the Fourier-Mukai 
transform of 

^ Oxiih - l)[o]) ^ Oxih[o]) ^ 0{o} ^ 0. 

Note that the line bundle ^ has a section precisely when pi = o for some 1 < i < h. 
It follows from ^ that the canonical theta divisor on Ux{h, 0) is the image of the 
symmetric sum 

(12) [o] + Sym'^^^X ^ Sym^X. 

Thus, the Theta line bundle Qh agrees, at least fiberwise, with Op(Vh)(l)- In fact, one 
can show the isomorphism 

e;,-Op(v,j(i). 

Moreover, the canonical section vanishing along the Theta divisor ((12]| is the composi- 
tion 

Op{v,) ^ C'p(v,)(l) ® a^Vh ^ C'p(v,)(l), 

with the second arrow given by ([Tl]) . These observations allow us to compute the level 
k Verlinde bundle 

(13) ^h,k = a. (e^) = a. (Op(v,o(^)) = Sym'^V^ 

For convenience, we will write \Nh = V)^ for the unique stable bundle on X of rank 
h and determinant Ox([o]). More generally, if gcd(/i, d) = 1, we let \Nh,d be the unique 
stable bundle of rank h and determinant Ox {d[o] ) . The bundles \Nh,d can be constructed 
inductively as successive extensions l,Pol| . Indeed, consider two consecutive terms < 
^ < < 1 in the Farey sequence, i.e. assume that 

hid2 - h2di = 1. 

Set h = hi + h2, d = di + d2. Then \Nh,d is the unique nontrivial extension 

^ y\/h,,di ^ ^h,d ^ y\/h,,d2 ^ 0. 

With these preliminaries out of the way, we proceed to investigate the splitting be- 
havior of the Verlinde bundles Eh^k- Our analysis relies on the multiplicative structure 
of the Atiyah bundles [AJ, which may not be immediately obvious. 

Lemma 1. The Verlinde bundle Eh^^. splits as a sum of line bundles if and only ifh divides k. 

Proof. This result will be reproved later in the paper. A more direct argument is given 
below. First, observe that E^^k is a direct summand of W®^. It suffices to show that 
these tensor powers split as sums of lines bundles iff h divides k. In fact, something 
more general is true: 
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Claim 1. Assuming gcd(/i, d) = 1, the tensor powers W^"^ split as sums of rank h' bundles of 
the form y^h',dk' ® M where M are various degree line bundles. Here, we set 



gcd(/i,fc)' gcd{h,k)' 

To prove the Claim, we first decompose h = hi . . .kg into powers of primes, and pick 
integers di , . . . , such that 

di dg d 

hi hg h 

Then, 

This could be argued as follows: both sides have the same (coprime) rank and deter- 
minant, and are moreover semistable, in fact stable. Therefore, they should coincide by 
Atiyah's classification. With this understood, one checks that it is enough to take h to 
be a power of a prime p. 

For the latter case, we will need the following rephrasing of Theorems 13 and 14 in 
||A1 . Assume ei , 62, e are integers not divisible by p, and that 

ei ^ 62 _ e 

pa\ pa 

Then, Atiyah showed that for certain degree line bundles M, we have 

(14) Wpai (g) Wpa2 = Q Wpa^g (g) M. 

M 

Thus, when his a power of a prime, the Claim follows from ([14)) . by a straightforward 
induction on A;. □ 

Remark 1. Using a sharper version of Atiyah's results, one can prove that when h is 
odd, the Ajf's appearing in the Claim above are representatatives for the cosets of h- 
torsion line bundles on X modulo the twisting action of the group of /I'-torsion line 
bundles. The same statement should hold true for h even, but Atiyah's results only 
show that the orders of the M's divide 2h. In particular, for h odd and gcd(/i, k) = 1, we 
immediately conclude that 



(15) ^h,k = ^y^h,k, 



i=l 

with m = (^/^'^) • Equation (|15)) is a particular case of Theorem |2l 

We will identify the splitting of E/^ ^ = Sym^W/j when the level k is divisible by the 
rank h. We set 

k 

" = ' + 1- 

Let Xh be the group of /i-torsion points on the elliptic curve. Let Gh be the Theta 
group of the line bundle Ox{h[o\), which is a central extension 

The assignment 

77 ^ry^'^ 
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defines an endomorphism of Gh, whose image lies in the center of Gh- Let H/j be the 
kernel of this endomorphism. It corresponds to an extension 

1 fJ'2h ^ Hft ^ Xft ^ 1, 

where fi2h C* is the group of 2/i-roots of 1. Finally, let Sh denote the /i-dimensional 
Schrodinger representation of Gh, i.e. the unique representation such that the center of 
Gh acts by its natural character. 

Picking theta structures, we identify Gh with the Heisenberg group 

(16) Gh = C* X Z/hZ X Z/hZ. 

The multiplication on the right hand side is defined as 

(a, X, y){a', x', y) = (oa'C^'^, x + x',y + y'). 

Here, we set 

C = exp 



h 

The Schrodinger representation Sh is realized on the space of functions 

/ : Z/hZ C. 

The action of the element (a, x, y) G G/^ on a function / is given by the new function 

F : Z/hZ C, F{a) = • f{x + a). 

We will first compute the puUbacks of the Verlinde bundles under the morphism 
h : X ^ X which multiplies by h on the elliptic curve. Using the description of \/h as a 
Fourier-Mukai transform provided by ||T0]| , and Theorem 3.11 in ||Mi , we obtain 

h*yh = Ox{-h[o\)®\ 



In fact, we claim that G /i-equivariantly, we have ]Pol|| 

(17) h'yh = Sh®Ox{-h[o\). 
Indeed, consider the trivial bundle 

h'yh(^Ox{h[o])^V®Ox, 

where V is an /i-dimensional vector space. Both factors of the tensor product on the 
left carry a G/^ -action covering the translation X/j-action on the base X. Therefore, en- 
dowing the structure sheaf appearing on the right with the trivial G/j-action, we obtain 
an G/i -representation on V. Moreover, note that the center of Gh acts on V by homo- 
theties. Therefore, V = Sh,hy the uniqueness of the Schrodinger representation. This 
establishes ((TT)) . 

Taking determinants in ((TT)) . we obtain 

(18) h*Ox{-[o\) = ^''Sh®Ox{-h[o\f. 

This identification is a priori only G/i-equivariant, but, since the center of Gh acts triv- 
ially, the isomorphism is in fact X/j-equivariant. Similarly, dualizing and taking sym- 
metric powers in ((T7)l , we obtain an X/^-equivariant identification 

(19) /i^Sym'^W/, ^ Sym^S)^ ® Ox{h[o]f ^ Sym^S^ (g) (A'^ShY"^ ® /i*Ox([o])^^^ 
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Observe that the action of the central elements a of G/i on the Heisenberg module 

Mfc = Sym%>(A'^S,,)''"' 

is trivial, since 

(20) a"^ • {a'^y-^ = 1. 

Therefore is an X?j-module. The X^-action splits into eigenspaces indexed by the 
characters ^ of X^, each appearing with multiplicity m^: 

(21) Mfe^0e®"«. 

Let us write for the group of characters of X^. For each £^ G X^, let denote 
the corresponding /i-torsion line bundle on X. The puUback h*L^ is the trivial bundle 
endowed with the X/i -character ^. Using ((19)) and (f2T|) , we obtain an X/^-equivariant 
identification 

rSym^^W^ - h* Lf j ® h*Ox{[o]r-'. 

This equivariant isomorphism determines the Verlinde bundle on the left, by general 
considerations about the Picard group of finite quotients. We can also give a direct 
argument as follows. Pushing forward the previous equation by h, we obtain the X^- 
isomorphism 

(22) Sym'^Wh KOx = L®"« ^ Ox{[o]y-^ ® KOx- 
Note that X/^-equivariantly 

(23) KOx = k- 

Comparing ( [22l) and (|23l ), and singling out the X/^ -invariant part, we conclude that 

(24) Eh,k = Sym'^Wh ^ I if j ® Ox (H)"-' . 

2.2. Algebra. It remains to determine the multiplicities appearing in (f2T|) . Regard- 
ing M/; as a representation of the finite group H/j, it is clear that 

(25) ifn 2^ e(7r')TrM,(??). 

We will compute this sum explicitly with the aid of the following 

Lemma 2. Let ?] G H/j fee an element whose image under the map H/j Xh has order exactly 
h/5 in Xh- The trace ofrj on Mk equals 

provided that either hor q is odd. 
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Proof. We pick theta structures, so that and Sh are given by ((T6|) . Consider the basis 
fi,...,fhoiSh given by 

fiU) = 

By definition, the action of 

T] = (a, X, y) € ^2h X '^/h'L x TLjhTL 

is given as 

(26) 77 •/, = aC(^--) 

To compute the trace of on M^, we may assume that a = 1, since the scaling action of 
the center of H/i is trivial, as remarked in (|20]l . 

We begin by computing the trace Tr Sym'^ry of the action of i] on Sym*^S)^. For sim- 
plicity, we will first treat the case x = 0. The eigenvalues of the action of rj onSh are 
1, Cy, • • • , Cy^^- Here, we set 

Cy = C 

Therefore, 

(27) TrSym'=r?= ^-(n+.-.+i^) ^ ^ ^-{n+2j2+...+hj^) _ 

l<il<...<ik<h jl +—+jh=k 

In the above, jV denotes the number of i's which equal r. Now, we compute the gener- 
ating series 

^ Tr Sym^'r/ • 



l-Cy-'^t' 
Write 

h = Im, 

where 

m = gcd{h,y) and gcd(/,y) = 1. 

Then e = (yisa primitive root of 1 of order /. Therefore, the product in the denominator 
above becomes 

(1 - Cyh) ... (1 - g't) = C-^i^-^i-lf ((t _ _ e) . . . (t - e'-i)^ 
We can extract the coefficient of t'^: 

1 / qmy 

J J \ 1 J 9V"i, 

In particular, this computation implies that the sum (|27)) is 1 when m = gcd(/i, y) = 1. 

Moreover, the argument shows that the sum ((27)) vanishes if k is not divisible by / = 

h 

gcd{h,y) ■ 

We will now consider the r/'s in H/^ for which x / 0. For these, the computation is 
notationally more involved. To begin, we write 

X = x's, and h = h's, 

where s = gcd(/i, x). Let u be any constant with 



(28) Tr Sym'' 



^ = (-^^ ^ (-l)T (T) =-[^ 
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Note in particular that = 1 for h odd. For h even, we have 

(29) = 
Now, it is easy to see that the eigenvalues of r] on Sh are 

(30) Aij = I <i < s,l < j < h' , 
where 

a = exp ^— 

In fact, we can exhibit an eigenvector for A = Xij, namely 

h 1 ^ k(k + l) 

fc=0 

We order the indices lexicographically. The trace Tr Sym'^ry is obtained by sum- 
ming all products 

i^hji ■ ■ ■ ^iji) (^^2 • • • ^ai) • • • [Kh ■ ■ ■ ' 

where 

i<ji<f2<...<ji<h'. 

Let ai be the number of terms in the product whose first index is 1; 02, . . . , have the 
similar meaning. We require ai + . . . + = k. After substituting (|30l ) in the product 
above, we sum over the j's, keeping the a's fixed. We have seen already in the deriva- 
tion of ((27)) that the sum 

i<ji<-<ji,<h' 

is if h' does not divide a^, and it equals 1 otherwise. Therefore, writing ai = h'a[, we 
need to evaluate 



E.-/i'a' .-sh'a' _ ST^ -(a{+...+sa'^) 



Here, we set 7 = exp (^), so that C^' = ^y. We have already computed sums of this 
type in ((27)) . We obtained the answer 

(31) U"' 

q\5 

for 5 = gcd(s, y) = gcd(/i, x, y). This expression gives the trace Tr Sym'^r? when h is odd. 
The formula includes the previously considered case x = 0, for which 6 = m. The sign 
change ((29|) is required when h is even. 

Finally, the trace of on A'^S/i is computed using (|26l ): 

h 

(32) r? • /i A . . . A A = n C • /i A . . . A A = A ... A A. 
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This completes the proof when h is odd. When h is even, we take into account the 
sign corrections of the previous paragraph and (|29)l . We append formula ((3l|) by the 
overall sign 

, (^_-Y^(x+y){h+l){q-l) _ (^_'^^{xy+x+y){q-l) ^ 

This does not change ||3T]) when q is odd, proving the Lemma. When h and q are both 
even, we note, for further use, that the overall sign of ((31]) can be rewritten as 

(33) (_l)gcd(M,2/) = 

□ 

We proceed to calculate the sum (|25)) . We claim that the multiplicity depends only 
on the order of the character ^ G X^. To this end, consider the group Aut(H/i, /X2/i) of 
automorphisms of H/j which restrict to the identity on the center ii2h- As essentially 
remarked in IIBea| , the characters appearing in the X/j -representation Mj^ are exchanged 
by the action of Aut(H/j, ;U2h)- Beauville's argument is based on the observation that 
for each F G fKut{V\h, ii2h), the standard H^-module structure of Sh, p : ^ GL(S/j), 
is isomorphic to the twisted module structure Fop: V\h ^ GL{Sh)- This follows by 
examining the character of the center of H/i, and by making use of the uniqueness of the 
Schrodinger representation. The same observation applies to the associated H/j -module 
Mfc. With this understood, our claim is a consequence of the Lemma below. This result 
is possibly known, yet for completeness we decided to include the argument. Note 
that the Lemma is not indispensable for the proofs to follow, yet it allows for some 
simplification of the formulas. 

Lemma 3. Under the action o/ Aut(H/i, p2h)r two characters ofXh belong to the same orbit if 
and only if they have the same order in X/j. 

Proof. Fix two characters xijX2 of X/^: 

X. : X^ ^ e, (x, y) ^ C'^+^'M < ^ < 2. 

The condition on the orders of xi arid X2 translates into 

gcd(/i, oi, bi) = gcd(/i, 02, 62) := r. 

This implies that we can solve the equations below, with the Greek letters as the un- 
knows: 

(34) oiA + bip = 02 mod h, aiv + 617 = 62 mod h. 
We claim that we may further achieve 

(35) A7 — = 1 mod h. 

This can be seen for instance as follows. By the Chinese Remainder Theorem, we may 
take /i to be a power of a prime. In this case, assume first that r = 1. Starting with any 
solution of ((34]l , define a new quadruple 

A' = A + bix, p' = p — oix, u' = V + biy, 7' = 7 — aiy. 

The assumption r = 1 implies that we can find a pair (x, y) such that (|35)l holds: 

A'7' — p'v' = (A7 — pu) + b2X — 02?/ = 1 mod h 
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For arbitrary r, after dividing by t, and using the case we already proved, we may 
assume that ((34)) is satisfied mod h, and that (|35)) holds true mod h/r. We lift the 
solution using Hensel's lemma, ensuring that ((35)l is also satisfied mod h. 
Finally, define F : H/i ^ H/^ by 

F(q, X, y) = (aC5(^''^'+^^2''+2'^'^^^), Ax + z^y, /xx + 7?/). 

Equation (|35)l is used to prove that F is an automorphism of H^, while equation ((34|) 
shows that F sends xi to X2- D 

Henceforth, for the computation of l|25)l , we will take ^ to be the character 

i = ix- '^/h'L X Z//iZ 9 (x, y) ^ = C^^'^^^^ e C*. 
Here, we assume that A divides h, so that the character ^ has order 

h 

"=A- 

Assume that either /i or g is odd. Using LemmalU we rewrite ([25)) as 

(36) -.-^!.EK'0( S «^<-^) 

If both h and (7 are even, each term in ((36)) is multiplied by the sign (—1)'^, as it follows 
from ((33)) . In this case. 



(37, 

S\h ^ ^ ^ \gcd{h,x,y)=5 ^ 

We will evaluate formulas ((36)) and ((37)) in terms of the character ((6)) defined in the 
introduction. 



Lemma 4. We have 



gcd{h,x,y)=5 

Proof. Replacing h, x and yhy h/6, x/S and y/6 respectively, we may assume 6 = 1. Jo 
solve this case, let us set 

(38) N,{h)= J2 Ux,y)= E C'. 

gcd{h,x,y)=l gcd{h,x,y)=l 

It suffices to show that 

(39) NAW = /i'|^ 

This is immediate when /i = is a power of a prime. In this case, if p°'\X, the left 
hand side of ((39)) counts the pairs 1 < x, y < such that gcd{p°-, x, y) = 1. Their number 
is p2a-2^^2 _ j^-j^ which equals the right hand side. Otherwise, since the distinct roots of 
unity add up to 0, we have 

E = - E C'- 

{x,y,p'^)=l p\ix,y) 
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If p"^^ I A, then all terms in the last sum are equal to 1, hence giving the answer —p^°'~'^. 
Finally, if p"^^ does not divide A, then replacing Ca by (px, we sum all distinct roots of 
unity of order gcd(p"^^, A), each appearing with equal multiplicity. This gives the 
answer 0. 

The general case follows by induction on the number of prime factors of h, once we 
establish the multiplicativity in h of the function H\{h). Let /i = /11/12 with gcd(/ii, /12) = 
1. Chose integers u, v such that 

hiu + = 1. 

By the Chinese Remainder Theorem, the pairs {x,y) mod h are in one-to-one corre- 
spondence with pairs {xi,yi) mod hi, {x2, 1/2) mod /12 such that 

X = xi mod hi, X = X2 mod /i2, 

y = yi modhi,y = y2 mod /i2. 

Explicitly, we have 

X = hiux2 + h2vxi mod h, y = hiuy2 + h2vyi mod h. 
The condition gcd(/i, x,y) = 1 is equivalent to 

gcd(/ii,xi,yi) = 1, gcd(/i2, 2:2,2/2) = 1- 

We compute 

Hx{h) = ^ C^^^ = ^ ^h2v{xi+yi) _ ^hiu{x2+y2) 

gcd{h,x,y)=l gcd(/ii,a;i,yi)=l,gcd(/i2,2^2,S/2)=l 

Xv] .2 f A-u) , 2 f A I f A ] 2 TA 



In the last line, we used the fact that the factors u and v do not change the symbol {} 
since these numbers are prime to /12 and hi respectively. □ 

Putting together ([24]), (|36ll . ((37l) and Lemma HI we complete the proof of Theorem[ll 

3. Arbitrary numerics 

3.1. Arbitrary rank and degree. We will now discuss a variant of Theorem [H which 
covers the case of arbitrary rank and degree. Let r, d be two integers with 

h = gcd(r, d). 

Write 

r = hr', d = hd' , where gcd(r', d') = 1. 

We will consider Theta divisors on the moduli space Ux{r, d). Their definition requires 
the choice of a twisting vector bundle of complementary slope 

/^(iv) = --. 

r 

We set 

(40) Qr,N = {V^ G Ux{r,d), such that h^{V ® N) = h\V (g) N) ^ 0}. 

To avoid confusion, even though it may be notationally cumbersome, we decorate the 
Theta's by the twisting bundles N, and by the rank of the bundles in the moduli space. 
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It is convenient to assume that A'^ has the minimal possible rank r' . The level k Ver- 
linde bundle 

is obtained by pushing forward the pluri-Theta bundle 6^ on Ux {r, d) via the mor- 
phism 

det : Ux{r,d) ^ Jac'^(X). 
As before, we have an isomorphism 

(41) Uxir,d) ^Sym^X. 

Set-theoretically, this isomorphism is essentially defined twisting ^ by the unique ide- 
composable vector bundle \Nr'^d' of rank r' and determinant d'[o] on X. More precisely, 
if (pi, . . . ,ph) are h points of X, pick (gi, . . . , qh) such that 

r' ■ qi= Pi, 1 <i <h. 

Then, the isomorphism ((41) is given by 

(42) Sym'^X B {pi, . . . ,ph) ^ \Nr' 4' ®Ox{qi- o)® . . .®^r' 4' ®Ox{qh- o) G Ux{r,d). 

Note that the answer on the right hand side of (|42]l is independent of the choice of 
Qi. Indeed, any two g/s must differ by an r'-torsion point x- However, by Atiyah's 
classification, 

(43) W,,,rf/0L^^W,/,rfs 

as both bundles are simple, of the same rank and determinant. It was observed in ||T|, 
and it is clear from ([42l) , that the determinant 

det : Ux{r,d) ^ Jac'^(X) 

becomes the addition morphism 

a : Sym'^X X, (pi, . . . ,ph) -*pi + ...+ph- 

Here, we used the identification 

X^]ac{X) ^ Jac'^(X), 

with the second arrow given by twisting degree zero line bundles by Ox {d[o\). Via this 
identification, the divisor ©i o{-d[o\) on Jac'^(X) corresponds to the canonical Theta on 
Jac(X). 

Finally, we can easily identify the Theta divisors on Ux {r, d). There is a natural choice 
for the twisting bundle N , namely the Atiyah bundle A'^o = ^r',-d' ■ It was shown in lAl , 
and it follows from equation (|43l >, that the tensor product 

(44) \Nr',-d' «) \Nr',d' = Lx 

X 

splits as the direct sum of all r'-torsion line bundles . As a consequence of (|40)l , (|42)l , 
(mi, we see that for the bundles V in the Theta divisor, we have qi = x for some r'- 
torsion point X/ and some I < i < h. Thus, Qr,No is the image of the symmetric sum 

[o] + Sym'^-^X ^ Sym^X. 
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We have therefore recovered ((12)). and thus reduced the computation to the case we 
already studied. 

Theorem 3. Fix r and d two integers with h = gcd(r, d), and N a vector bundle of slope 

r 

and of minimal rank. Then, splits as sum of line bundles iffh divides k.Ifk = h{q — 1), 
then 

Here are given by the same formulas (H)) and ^ as in Theorem^ 

Proof. When A'^o = '^r',-d'' the statement is a consequence of the above discussion and 
the proof of Theorem [T] The general case follows from here, since both the Verlinde 
bundle and the right hand side only change by translations. To see this, set 

L = det7V0 (detiVo)""^ ■ 
On the one hand, formulas of Drezet-Narasimhan IIDN|I imply that 

E^fc = det^ (g^,^) = det^ {er,No ® detU)'^ = 

In the above, we view the degree line bundle L on X, as a line bundle on the Jacobian 
in the standard way. On the other hand, we have 

01,(det Ar)h = 01,(dct Afo)'* ^ ■ 

The Theorem follows by putting these observations together. □ 

3.2. Arbitrary level and rank. In this subsection we will prove Theorem |2l We will 
keep the same notations as in the introduction, writing hr for the rank, and letting hk 
be the level, with gcd(r, k) = I. We will determine the splitting type of the Verlinde 
bundle 

Ehr,hk = deU (et') = Sym'^^ 
obtained by pushing forward tensor powers of the canonical Theta bundle @hr via 

det : Ux{hr,0) ]ac{X) ^ X. 

The case of non-zero degree and arbitrary Theta's is entirely similar, and we will leave 
the details to the interested reader. 

Proof of Theorem |2] We first consider the case when r is odd. The arguments used 
to prove Theorem [T] go through with only minor changes. It suffices to check that the 
decomposition ([7|: 



r,k,i 



holds X/jr-equivariantly, after pullback by the morphism hr. The puUback of the left 
hand side is evaluated G/ir-equivariantly via ((T9|) : 

(45) (hryE^rM = (/irj^Sym'^'^W;,, - Oxihr[o])^'' Sym'^^^S)^,. 
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For the right hand side, recall first that V\!r,k,^ has rank r and determinant Oxik[o]) (E> 
By comparing ranks and degrees, we see that 

(46) \Nr,k,^ ^ \Nr,k L^. 

Here is any /ir-torsion line bundle with = L^. Note x is uniquely defined only up 
to r-torsion line bundles. The ambiguity inherent in the choice of x will be shown to be 
inessential later. Observe that the puUback {hryL^- is the trivial bundle, endowed with 
the X/ir -character x- 

We will determine the puUback of V\Jr,k by the morphism hr. As a first step, we show 
that non-equivariantly 

(47) r^\Nr,k = Ox{kr[o]fr 

The ingredients needed for the proof of (|47)l are found in Lemma 22 of Atiyah's paper 
||A| . There, it is explained that all indecomposable factors of r*\Nr^k have the same rank 
r' and degree k'. Therefore, 

r/r' 
i=l 

for some line bundles Mi. In fact, examining Atiyah's arguments, one can prove a little 
bit more. Using (|44]l , we observe that 

r*\Nr,k^r*\N^,k = ^Ox. 

1 

The above tensor product contains \Nr'^k' 'S^ W^, f^i^Mi® MJ^ as a direct summand, for 
any i and j. Now, applying equation (|44)) again, we see that 

\Nr',k'®'J^r',k' = ®Lp, 
P 

the sum being taken over the r'-torsion points p. This clearly gives a contradiction, 
unless r' = 1 and the bundles Mj and Mj coincide. In conclusion, we proved that 

(48) r*W,,fc ^ eLiM, 

for a suitable line bundle M. Taking determinants we obtain that 

M^Ox(kr\o])®P, 

for some r-torsion line bundle P. We claim that P is symmetric, i.e. {—VfP = P. 
When r is odd, these two facts together imply that P must be trivial, proving (|47)l . The 
symmetry of P is a consequence of (|48)) and of the symmetry of W^^fc. Indeed, 

as both bundles are simple, and have the same rank and determinant. 
Having established l|47)) . we compute 

(49) {hry\Nr,k = Ox{hr[o]y'' O R, 

where R is an r-dimensional vector space. In fact, R carries a representation of the 
Theta group G^r, such that the center acts with weight —hk. However, this does not 
determine the representation R uniquely, not even as a representation of H^r- In fact. 
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one can show that there are precisely /i^ representations Rij of H^r with central weight 
—hk ISl; they will be indexed by integers i,j G TLjKL x TLjhTL. 
To determine R, we will use the following commutative diagram 



e Gft X/, 0. 

Here, the morphism i is the r-f old cover a ^ ^ and the middle arrow is the natural 
morphism of Theta groups G/i — > (jhr- Via this diagram, we may consider the action of 
the group on both sides of (|49ll . Recall from equation ((18)) that G/^-equivariantly, we 
have 

Ox(hr{o\f^ ^ Ox{h[o])^'''' ^ h*Ox{[o])'''^ f A'^S;,' '''' 



Therefore, using ( [49l) , we see that G/j-equivariantly, 

(A^Shy = {r*\Nr,k ^ Ox{-kr[o])) . 



Note that the left hand side is an X^-module, since the center of G^ acts trivially; to this 
end, recall that the morphism i is an r-fold covering of the centers. By equation (f47| , the 
right hand side is the puUback of a trivial vector bundle, carrying a trivial X/^ -action. 

Consequently, the X/^ -representation R (g) [A^Sh]^^ is trivial. 

This latter observation pins down the H/j^-representation R. Let us again pick theta 
structures, identifying the Theta group H^r with the Heisenberg. The characters of the 
h"^ representations Rij were computed in Theorem 3 in ||S|. There it was proved that 
the trace ofrj = {a, x, y) G H/i^ = pL2hr x '^/hr'L x 2,/hr'L equals 



(50) Trace/j, , (r/) 



^^-hk(-ix+jy if ^ Xft, i.e. if (x, y) £ rZ/hrZ x rZ/hr2 

otherwise. 



Here ( = exp (^p) • The character of the H/j -representation (^A^Sh)^^ was calculated in 

Trace (r/) = 

Since R (S> [A'^Sh}''^ is a trivial X/^ -module, we must have i = j = Then, the 

trace of R becomes 



(51) TraceRii]) 



otherwise. 



Making use of ([45l) and (|47l ), we can now check that both sides of (O agree equivari- 
antly after puUback by hr. It remains to prove that H/jr-equivariantly: 

(52) Sym^'Sl^Rcs^x'^"'-- 

X 

In this sum, the x's are h"^ representatives of the characters of X^r, modulo those char- 
acters of Xhr which restrict trivially to the subgroup Xhr- Taking representatives 
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is necessary to avoid repetitions. Indeed, by comparing characters, we see that 

R(S)X = R 

iff X restricts trivially to the subgroup X/j. This equation also takes care of the ambiguity 
seemingly present in the puUback of (|46)) by hr. Note moreover that each representative 
X appearing in the sum ((52)) restricts to a well-defined character ^ of X^/ hence giving 
rise to an /i-torsion line bundle L^onX. We will write lo for the order of this line bundle. 

In (|52)). the multiplicities are claimed to have the expressions given in equation 
(HJ of the Theorem. Checking (|52)) amounts to a character calculation. For the left hand 
side, the character was essentially computed in Lemma ID Going through the proof of 
the Lemma, we see that the trace of = (a, x, y) G H^j. on Sym'^'^Sj^^ is zero, unless 
(x, y) is an /i-torsion point, say of order h/6 inXh- In the latter case. 



(53) Trace (r/) 



(-_-^^a;^/fc(h+l)^-hA: . ^ A'" + ^) A 

r + k\ r5 J' 



It suffices to check that the formula 

1 



m v = :rT^ Trace gyj^hfes^^(7?) •Trace/j(r/) ^ ^ 

»7=(Q!,X,J/)e^t2hrXXh 



^ 2h^r 



yields the same answer as (O. Substituting (|5T) and (|53l >, and recalling that ^ denotes 
the restriction of x to X/^, we obtain 



(x,3/) has order 

By Lemma m this expression can be rewritten as 



^ (r + k)6'^ \ r5 J {h/d ] 



This completes the proof when r is odd. 

When r is even, k must be odd, since gcd(r, A:) = 1. Therefore, the Theorem holds 
true for the Verlinde bundle ^hk,hr- ^^^^ now use the level-rank symmetry of the 
Verlinde bundles under the Fourier-Mukai transform 

'-hr,hk ~ ^hk,hri 

which was explained in item (iv) of the introduction. We claim that the Atiyah bundles 
enjoy the analogous symmetry under Fourier-Mukai: 

Indeed, the case of trivial ^ is the following well-known isomorphism generalizing (flO)) : 

This is a consequence of the fact that both bundles are simple, of the same rank, and 
same determinant; alternatively, one may argue using the construction of the Atiyah 
bundles as successive extensions, explained in Section 12.11 The case of general ^ is an 
irmnediate corollary, since the bundles involved differ only by translations. To see this. 
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pick any line bundle M with = ^, and let tm denote the translation induced by M 
on the elliptic curve. We compute 

The first and last isomorphism follow as usual by Atiyah's classification, while the sec- 
ond is a general fact about the Fourier-Mukai transform iMll . 

We conclude the proof of the Theorem by collecting the above observations. □ 
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